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2025
[ CBCS |

( 6th Semester )
MATHEMATICS
TENTH PAPER

[ Advanced Calculus )

Full Marks : 75
Ttme : 3 hours

The figures in the margin indicate full marks for the questions

(| SECTION : A—OBJECTIVE )

[ Marks : 10)
Tick @ the correct answer in the box provided : 1%x10=10
1. If f{x}=xand let P ={0, 1, 2, 3} be the partition of [0, 3], then the value of

UP, f) is

1

— O
fa 3
m) O

2
fc) 3 O
(d) 6 ]
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2. If a bounded function f is integrable on |a, b|, then

; b
@ Jlim_S(P, N=[fax 0O

. b
! = O
) im SIP, f)= [ f ax

b
(c) Iafdx#]':fdx O
(d) LP, fi=UP, f)=SP, f) U
3. If f and g be two positive functions on |a, b] such that lim S =l, a

x—a® 91X
non-zero finite number, then

(a) I:gdx converges if J: f dx diverges O

(b) J: f dx converges if j: g dx diverges O
b y .~ (b

(c) jﬂ f dx diverges if Jlﬂ g dx converges

@ | : fdx and [ gdx behave alike [

4. The improper integral j: 1—nd.x converges if and only if
X

fal n>1 O
b n<l O
fe) n=1 O
([d) n<l O

5. Let o(y) = J'bf (x, y)dx is continuous and f also exists and continuous in
a

la, b; ¢, d]. Then ¢ is

{a) continuous O

(b) integrable ]

(c) derivable O

(d) None of the above a
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= COS X T - oa X 81N ML )
6. If | ———dx=—e"™ then the value of — dx is
Jlﬂ a? + x2 2a I':' 1+ x?
_E,m 0 n.m 0
(a) ki (b) 5 *®
_Eem O] T _-m 0
(c) i (d) s

7. The value of j'cixzdx+ Xy dy) taken along the line segment from (1, 0) to

(0, 1) is
@i O m -1 O
6 2
fc) % O (d) % O
8. The value of the integral j_:q j.l 5 (1 +8xy)dxdy is
fa) 54 O (b) 57 O
fe) —36 O (d) 45 O
9. Regarding convergence of sequences in [a, b], which of the following is true?
fa) Every pointwise convergence is uniform convergence O
(b) Every uniform convergence is pointwise convergence 0
(c) Every uniform limit need not be a pointwise limit 0

(d) All of the above O

10. The sequence {f,} of continuous function is uniformly convergent to a
function f on [a, b]. Then f is also

fa) uniformly convergent 0O
(b} integrable O
(c)] continuous O

(d) differentiable O
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( SECTION : B—SHORT ANSWERS )

( Marks : 15)

Answer the following :

UniT—I

1. Let f be a bounded function defined on [a, b]and let P be the partition of
la, b]. If P* is a refinement of P, then prove that U(P, f)2U(P ", f)

OR

2. Test the Riemann integrability for the function f(x)= x by dividing [0, 1]
into 6 equal intervals.

UNIT—II
- 2
3. Test the convergence of the improper integral -[D x3e ™™ dx.

OR

=1 -1
e =tan (ax)-tan (bx
4. Using Frullani’s integral, evaluate -[u —‘—- - N .[_] dx.

X
UNIT—II1
y’ !
5. If flx,y)=——— and ny:':fﬂflx. y)dx, then evaluate the value of
x“+y

1

[yl O)ax.

OR

6. Write the statement of Weierstrass’ M-test for uniform convergence of

b
improper integral of the type Llf{?& y) dx.
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UNIT—IV

7. Evaluate the value of J'J'Axydxdy over the positive quadrant of the circle

x* +3j|'2 = a?.

OR

8. Evaluate the double integral I: jfex""‘@ dx dy.

UNIT—V

—* s uniformly
1+ b2x2

convergent in [k, 1] for k >0, but not uniformly convergent in [0, 1].

9. Show, by M,-test, the sequence of function f,(x)=

OR

10. Prove that the sequence f,(x)=x" is pointwise convergent on [0, 1] and

evaluate the pointwise limit.

( SECTION : C—DESCRIPTIVE )

( Marks : 50 )

Answer the following : 10x5=50
UNIT—I

1. (a) If a function f is bounded and R-integrable on [a, b] and there exists
a function F such that F’= f on [a, b], then prove that

[ f(xdx = F(b) - F(a)

5
(b) Prove that the function defined by
1 1
f(x)= —271-, when ey <X% g——n, forn=0,1, 2, ...
and f(0) =0 is R-integrable and show that I]fdx = 2
2 3 3+2=5
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2. {a)

(b)

3. (a)

(b)

4. (g

()

5. (a)

(b)

/808

OR

HJ f dx and j g dx both exist and g(x) keeps the same sign over [a, b],

then prove that there exists a number p lying between the bounds of f

such that
b
[2fxgldx=p [ gdx

If a function f is continuous on [0, 1], then find the value of

limI "ﬂx] > dx
01+ n2x?

n—de +n?x?

UniT—II
Prove that the improper integral I: f(x)dx is convergent at d if and only
if to every & > O there exists a corresponding & >0 such that

! jm;‘zf{x]dr‘sze for 0 < hy, Ag <8

a+A

Prove that every absolutely convergent integral is convergent.
OR

If &x] is bounded and monotonic in [a, =) and I: f(x)dx is convergent

at =, then prove that J: flx) ¢(x) dx is convergent at ee. 5

By Cauchy’s test, show that L: —

dx is convergent. 5

UniT—III

If |a| <1, then show that

: . 1.10-22
Iu log[l+acns.qu-nlng(2+2 1 a]

Evaluate the value of the improper integral
it 8
=X
!.:] e * cosaxdx .
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OR

6. (a) Prove that uniformly convergent improper integral of a

continuous

function is itself continuous. S
(b) Evaluate the value of the improper integral
cos yx
fly = dx
j-':' 1+ .:n: S
UNIT—IV
7. fa) Evaluate the integral j';jgz xﬂeyadycix by reversing the order of
x
integration with a rough figure. -
fb) Show that
d dx = ;ydx
Io{fa 52z e o 152,
1.e., change in order of integration is permissible, 5
OR
8. (a) Change the order of integration in the integral _[ I 2 Xxydxdy and
hence evaluate it with a rough figure. 5
(b} Prove that
| 1 [x -
Iﬂ In ( !s\".' y} dix = 1
(x+y)° &
but the value changes its sign as the order ol integration interchanges 5
UNIT—V
- . .
(@) Show that f, (x) = x" is uniformly convergent on [0, k|, where k is a
number less than 1 and only pointwise convergent in |0, 1] 5
) Show that a series of function Zfn will converge uniformly (and
absolutely) on [a, b)if there exists a convergent series ¥ M, of positive
fumbers such that ¥ x € [a, b]|f,(x)|s M, ¥ n. 5
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OR

10. (@) If a sequence {f,} converges uniformly to f on X€ (a.
integrable V¥ n, then prove that f is integrable and

[Xfeaax = lim [7fnlx)dx

Fl—h o

b and _f-” be

&n

(b) Examine whether the infinite series

= 1
:{‘1 n3(1+ n)x*
can be differentiated term-by-term. S
i
o W !
8 G25—2%°
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