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MATHEMATICS

SIXTH PAPER

( Real Analysis )

Full Marks : 75
Time : 3 hours

The figures in the margin indicate full marks for the questions

( SECTION : A—OBJECTIVE )

( Marks: 10)
Tick M the correct answer in the boxes provided : 1x10=10
1. Every finite set is
(a) open but not closed O
(b) both closed and open [
(c) neither open nor closed O
(d) closed but not open O

2. Let £ be a limit point of a set S and N be any neighbourhood of §, then
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(a)
(b)
fc)
(d)

NnS=¢ ]
NnS={} O
N NS is a finite set O

N NS is an infinite set O
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D,

3. Every subset of the discrete metric space is
(a) neither open nor closed O
(b) open as well as closed U
(c) open but not closed [
(d) closed but not open 0

4. Which of the following metric spaces is not compact?
(a) A closed interval with the usual metric [
(b) The discrete space (X, d), where X is a finite set O

{c) The space (R, d), where R is the set of real numbers with the usual
metric ]

(d) A closed subset of a compact metric space N

5. A real-valued function continuous on a compact set is
fa) bounded above but not below O
(b) bounded and attains its bounds O
{c) bounded below but not above O
(d) bounded and does not attain its bounds [

6. A function f:D — R DcC R" is continuous if and only if
(a) 7~Y(v)is closed in R for every closed set V in D O
fb) f(V)is closed in R for every closed set VV in D L]
fc) f~l(v)is open in R for any set V in D O
({d} f(V)is open in R for every open set V in R OJ

7. let f:D—S R DcC R? is differentiable at a point (x, y) € D, if for any point

(x+ h, y + k) in a neighbourhood of (a, b), the change in f can be expressed
as

(a) [xlx Y&+ fylx y)h+ ho+ ky, where ¢ and y are functions of h, k and
both tend to zero as {h, k)= (0, 0) O

(6] fZ(x, yh+ fgf(x- Yk + ho + ky, where ¢ and y are functions of h, k and
both tend to zero as (h, k) — (0, 0) O
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(€ fxlx Y+ fylx yhk+ho+ kv, where ¢ and y are functions of h, k and
both tend to zero as (h, K= (0,00 O

(d) f2(x, yk+f ;‘}[x, y)h + ho+ ky, where ¢ and v are functions of h, k and
both tend to zero as (h, k) = (0, 0) O

8. If y;, yp, ..» Yn are determined as functions of x, X, ..., X, by the
functional equations fi(Xy, X2, ..., Xpj Y1, Y2, - Yn) =0, i=1 to n, then
aU-'u f?: rary fn] =
d(xy, X2, +» Xn)

a'[.fl: f2= ) fn]' a{yl: Y2y oy !ﬂ'ﬂ:l 0

a[yh Yo, -0 yn] a{xlr X0y eny xn]

_9(fy, f2s o fn) 9y Y2u s Yn) 0
0(Y1, Y2, s Yn) 9(X1, X250y Xp)

n aU-],! f‘2: cery fn;] alyls Y2y ooy yrl.:I
-1 O
& S v s va) 3ty 21 )

n+l aU;l! fﬂl ruey fn} a[yb Y2, o yn] 0O
(Y1, Y2, -+» Yn) d(x1, X2,0s Xn)

(a)

(b)

(d =1

9. Let f:D - R, Dc R" and (a, b)e D. Then fla, b)= fyx(a, b} if

(@ fx and f, are both continuous at (@, b) O
(b) f, is continuous at (a, b) and f, exists at (a, b) O
(c) fx and f, are both differentiable at {a, b) t

(d) f, is differentiable at (a, b) and f, exists at (a, b) O

10. A necessary condition for f (x, y)to have an extreme value at (a, b)is that
(@) fyla, b)=0=fyla, b) O
(b) fxxla, b)=0=fyyla, b) O
) fola, B=0=fyla,b) O
@) fela, B)=Fy0 020 O
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( SECTION ; B—SHORT ANSWERS ]

{ Marks . 15 )
Answer the following :
UNIT—I
1. Show that every open set is a union of open intervals.
OR

an infinite set to have a limit point.

UNIT—II

if its complement is open.

OR

4. Show that the discrete space is a complete metric space.

UNIT—III
S. Prove that the image of a compact set under a continuous function is
compact,
OR
6. Show that the function
2x(x? - y?)
—_—, #(0,0
0 » (X y)=(0,0)
is continuous at (0, 0).
UNIT—IV

et f:DSRDcR® and (abeD. If f,
neighbourhood of a point of (a,
any point (a+ h, b + k) of this neighbourhood

fla+h b+k)-f(a, b) = hf .(a + 6h, b+k)+k{fy(a, b)+n}
where 0 <8 <1 and 1 is a function of k which tends to 0 with k.
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exists throughout a
b) and Syla, b) exists, then prove that for
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3x5,

= s

- Show by an example that boundedness is not a necessary condition for

+ Let (X, d) be any metric space. Prove that a subset of X is closed if and only



OR

(2 -y?)
Floy=1 x2+42 ) , (6 y)#(0,0)
0 , %y=00)

is differentiable at the origin.

UNIT—=V

g, Show that fyy(0, 0) = fyx(0, 0) for the function

(y) oD
floy={ 2+y? b= 0.0
0o , xy=00

OR

10. Using Taylor’s theorem, expand e* cos(y) about (0, %} up to the second

degree term.

|Sacnnn:c—4nmcnmﬂwn]

( Marks : 50)
10%5=50

Answer the following -
unNiT—I

1. (a) State and prove Bolzano-Weierstrass theorem. 1+5=6
4

(b) Prove that the derived set of & set is closed.
OR

2. (a) State and prove Heine-Borel theorem using Lindelaf covering theorem.
1+5=6

of closed intervals [am bnl 18 such that

(b) If a sequence
0, then prove that there 1s

|@ns1 Prarlcl@n b,] and lim (@an —bn) =
n—es
one and only one point common to all the intervals. 4
| Contd.

/130 5



/130

- (a)

(b)

(@)
(bj

(b)

- (a)

unNiT—II

Prove that the space R" of all ordered n-tuples with the metric d, where

n

1
2
d(x y)= [E{X:‘ ‘b‘f)2}

i=1

is a complete metric space.

Prove that every closed subset of a compact metric space 1s compact.

OR

Prove that any compact subset of a metric space is closed and bounded.

Let (X,d) be a complete metric space. Let Y be any non-empty subset

of X. Then show that Y is complete if and only if it is closed.

UNIT—III

Define uniform continuity of a function of n-variables. Prove that

a function continuous on a compact set is uniformly continuous. 1+5=6

Discuss the continuity of the function f(x, y) = vIxy| at (0, 0).

Prove that a function f:D — R DcR"

Let f:D >R DcR"

OR

every value between f(x) and flyh ¥V x, yeD.

If o, B, y are the roots of the equation in ¢ such that

then show that

u

UNIT—IV

v w

+ =1
a+t b+t c+t

v, w) _ B-o)B-y)(y-o)

d(, B, ¥)

(@a-b)(b~d)(c-a)

is continuous if and only
if f7U)is open in R" for every open set U in R.

» where D is a convex set. Show that f assumes
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Jbl gt f D =R, Dc R? and (a, b)€ D. Show that if f, is continuous at
@ ) and f y(a b) exists, then f is differentiable at (a, b). 5
OR

d prove that a function which is differentiable at a point pOSSEesses
B the ¢ first-order partial derivatives at that point but the converse is not

necessarﬁy true. 6
] Fmd the directional derivative of f(x,y)=xcosy in the direction of
J=21at the point (0, ). 4
UNIT—V
g, o) State and prove Schwarz's theorem for 2 function of two yariables.
1+5=6
(b) Show that the condition of Young’s theorem is not satisfied for the
function
floy)= {“‘ +y¥)log (% +y?), when 2 +y? 20
0, when x=y=0
at (0, 0). 4
OR
10. (a) State Taylor's theorem for two variables. Hence, find the expansion of
@ cos (by) up to four terms. 1+4=5
(b) Examine any oné of the following functions for extreme values : 5

0 fog =t +y? -4 -
i) flx,y)= <y’ -5 —8x- -5y

% Wk
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